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Hamiltonian matrix in the LSSM

= Real symmetric sparse matrix

Nuclide Space Basis dim. Sparsity Storage (GB)
o sd 9.4 x 104 6 x 1073 0.2

>2Fe pf 1.1 x 108 1x 107> 720

*°Ni pf 1.1 x 10° 2 x107° 9600

44Ti M=0 space in pf-shell (4,000 dim.)
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C.W. Johnson et al., CPC 2013

 The Lanczos algorithm is quite
efficient to obtain low-lying states.

* |nthe KSHELL code, the matrix
elements of the many-body
Hamiltonian is generated on-the-fly
every matrix-vector product to
suppress the memory usage.



Truncation of the model space

%Nj ... Z=N=28
doubly closed with
N=Z=28 magic,
truncation of particle-
hole excitation is
expected to work well
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Truncation by Nhw excitation
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Contamination of center-of-mass motion

* Inthe model space beyond Ohw, center-of-mass motion is
contaminated.

 Lawson method
— Lift up spurious center-of-mass excited states by adding CoM Hamiltonian
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e Center-of-mass motion can be clearly removed in full Nhw model
space

* If not full space, separation is approximately achieved by large
Bcy --- controversial



truncation scheme ?
No truncation
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Truncation in KSHELL code
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Advanced option: one-body transition density

* Concerning the transition and moments, it would be
better to replace the H.O. wave function by e.g.
Woods-Saxon wave function.

* |n this case, the KSHELL code provides one-body
transition density (OBTD) by “is_obtd=.true.” option.

< fllO|i > =< nwJ||O*||nw'J' >= Y OBTD(fikaks)) < kq||O>
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. . ‘,!
Pitfall : Phase convention / 1\

~ PITFALL

For further study, you may want to construct your own
operator. Pay attention to phase conventions.

 Condon-Shortley vs. Biedenharn-Rose convention

-rP0.¢) = irP6,¢)
* spin-orbit coupling
—j=1l+s & j=s+1
* Radial wave function

— R,(+e) >0 R, (+») >0
- n=012,.. & n=1273,..



Lanczos method

e Suppose large real symmetric sparse matrix
and obtain some lowest eigenvalues...

* One of the Krylov-subspace methods

m

K., (H,v1) = {v1, Hvy, H*vy, H?vy, -+, H™ oy}

!

* Ritz value ... eigenvalues of submatrix in
Krylov subspace



Power method

e Suppose large real symmetric sparse matrix
and obtain the lowest (largest) eigenvalues...

Xog =€V, + € _1V,._1 .t eV,

_ k

x, =H"x,
k k k
= (en) v, T (en—l) V-t (el) Vi
—> V), Converges to largest absolute eigenvalue
T
x, Hx, |
—> €

T
X_1X -1



Lanczos method : algorithm

* Prepare initial state (e.g. random) U,

* |terate
Matrix-vector product, bottle neck!
a, =u, Au b, =u, Au
k— Yk k k— Yk k—1
' — Normalize
u'y, = Au,

Gram-Schmidt orthogonalization

—au, —bu,_, /

z’lk+1 — Z/l k+1 /\/M k+1 z’lk+1

T
I'=u; Au; =

* Solve eigenvalue problem of

tri-diagonal matrix by bisection method

T
N.B. u u,,

this orthogonality relation is often broken by round-off error

o
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by ay
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mm=) Reorthonalization

bg

— 5,-]- is satisfied mathematically. However, as k increases,




Convergence of Lanczos method

%Ni shell-model calc. 10°-dimension sparse matrix 4GB Lanczos vector
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Matrix representation

M=0 M=0 M=0
o — o0 — oo 00 '
‘\P>= U oo o TU, o o Tl -
3 1 1 3
m=—=, ——,+— +—
2 2 2

= )| my)+uy| my )y my )+

Solve eigenvalue problem of the Hamiltonian matrix
H. =<ml. H‘mj>

y

Why is it sparse matrix?
Hamiltonian is two-body (or three-body) interaction:
_ T T T
H = Zty.cl. c,+ Zvl.jklcl. c,C/C,
ij ijkl
e.g. <m1 ‘H‘ m3> = () fortwo-body int.



Configuration : bit representation

M=0 M=0 M=0
e e o000
‘LP>: U oo o TU o o Tl 3+
3 01 1 3 °
Mm=—", —— =

946592% ‘ > ‘>
m C‘CC‘C
01 1 0~1*+3%6

m> 11010010
m> 10010110 105
m> 00001111 240




“On-the-fly” operation of matrix-vector product

Number of Hamiltonian matrix element H, =(m, H‘mj> is too huge

to store on memory

Only matrix-vector product is required for Lanczos method

23 my) = ciere,co|my)
s M, ) =CuC7C,Cy| M,
T
m> 11 010010 (34(;7(;1(;0
m,> 1 0010110 105
off 1, O bits
my> 00001111 240 and
on 4, 7 bits

Binary search to find where the obtained number is.



Further acceleration :
proton-neutron factorization of wave function

Each M-scheme basis state is a product of proton and neutron configurations
M=M,+M,

‘m>=‘mﬂ>®‘mu> H:prl_[n Parity

W)= vlm)= > D |m,)®m,)
m Mp,Hp mpeMp,Hp
m,eM, 11,



For acceleration of the matrix-vector product of the proton-
neutron interaction (bottle neck)

CTCTC[ Ck‘m(ﬂ)>‘m(‘/)> C, Ck‘m(”)>c .C; ‘m(V)> ‘m(”)>‘m(v)>

¢! i ‘m(v)>

Mp =+9/2 proton Slater determinants

4

M

c'c, ‘ m'" >

neutron Slater detbrminants

. . T (7) . .
In advance, proton one-body interaction ¢; Ck‘mp > and neutron one-body interaction

C c ‘m(v)> are operated to accelerate the proton-neutron interaction.
!



Block Lanczos method

* Block Krylov subspace method

]Cm(H;‘/l) _ {Vl,Hvl,Hz‘/l,"' 7]'_I'm—l‘/'l} vV, = (vgl),v?)?”. 7‘U§Q)

a block of vectors Vi be arbitrary vectors with Vi Vi = 1

and -1 :=0.
for k =1,2.3,--- dqo Subspace extended by a
W .=HV: J product of a matrix and
ar :=VIW
k= Vk block vectors
Tr(p—1)+1:kp,k(p—1)+1:kp ‘= Qk
Diagonalize T'*) and stop if e, converges
W =W — Viay
Reorthogonalize W with {Vi,Va,--- . Vi_1}
Vit1Br = QR(W)
Th(p+1)+1:k(p+2), kp+1:k(p+1) = Bk

| . AT
Thp+1:k(p+1) k(p+1)+1:k(p+2) ‘= B »
end for

(al 8l 0\
1 Qo /3:{
T = By
e Bl
\ 0 Br—1 Ori.-l)

a; and f; are p X p block matrices



Performance improvement of block algorithm

Elapsed time of a product of the matrix and block vectors
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Performance of block Lanczos method
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Further acceleration :
Thick-restart block method

When the number of the Lanczos
vectors reaches [, = 200, the 20
lowest eigenvectors in the
subspace is only taken and restart
the Lanczos iterations.
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FIG. 8: Total elapsed time to obtain the 32 lowest eigenvalues

48 . . S LI, . -
of **Cr with the simple Lanczos (Lanc), thick-restart Lanczos
(TR-Lanc), block Lanczos (B-Lanc), and thick-restart block
Lanczos (TR-B-Lanc) methods. The shaded, open, and filled
bars denote the elapsed times of matrix-vectors products, re-
orthogonalizations, and the others, respectively. The memory
usage to store the Lanczos vectors is shown as the blue dia-

monds with the dashed line. We take the block size ¢ = 8 for N. Shlmlzu et al., COmp

the block methods and the maximum number of the Lanczos

vectors [,, = 200 for the thick-restart methods. Phy5 Comm- n prlnt-



FPerformance

Massively parallel computation
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Parallel computation of matrix-vector product in
the KSHELL code

E.g. assume 9 computer nodes

1 7 1\ [
2 8 2
3 g | 3 s
N
1 7 & =
Hy = 2 8 o
3 9 6 %
1 7 7] [
2 8 8
3 9 9

Diagonal blocks are equally distributed.

Communication volume per matrix-vector product is the smallest, 2V/\/N
(V: size of a vector, N: number of nodes)

A vector is split equally for reorthogonalization



Parallel performance (strong scaling)
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Progress in computer :
M-scheme dimension vs. year

Computation cost is almost proportional to the M-scheme dimension
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Odd-mass medium-heavy nuclei
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135 la,4: LSSM calc.

Md_S. R. Lasker et al. Phys. Rev. C 99 014380 (2019).
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sd+f7p3 model space

E2 map of LSSM
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High-spin states in LSSM: deformed bands of nuclei around 4°Ca

17782

L
\
D. Rudolph et al., Phys. Rev. C 65, 034305 (2002)



High-spin states in LSSM: deformed bands of nuclei around #°Ca
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High-spin states in LSSM: deformed bands of nuclei around 4°Ca
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Summary

Algorithm of the “KSHELL” code: on-the-fly
generation of the matrix elements at every
matrix-vector product in the Lanczos method.

Thick-restart block Lanczos method improves
the performance.

Good parallel efficiency for massively parallel
computation.

Feasibility of the LSSM to study high-spin
states and deformed bands are demonstrated.
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